In the framework of the matrix product state representation the effect of a sudden turning on of the uniaxial anisotropy on the time evolution of the Haldane state has been investigated. Depending on the value of the uniaxial anisotropy parameter, the calculations were derived within (or outside) the region where the Haldane gap survives. An exact expression for the time evolution of the Loschmidt echo has been derived and, moreover, its collapse and revival behaviour was captured. In addition, the non-local order parameter of a time evolving state was tracked, revealing two types of relaxations.
Introduction
Above the range of very low temperatures many magnetic systems can demonstrate a quasi one-dimensional (1D) behaviour. Moreover, the magnetic properties of many compounds available for experiments are related to antiferromagnetic spin chains. In the investigation of the antiferromagnetic Heisenberg model, the chain of S = 1/2 spins was first solved by means of the Bethe ansatz in 1931 [1] . The ground state has no energy gap to the excited states accompanied by the exponential decay of the spin-spin correlations with distance. Although initially the concept of the 1D magnetism was considered as only theoretical, magnetic materials showing such a behaviour were found in the 70's [2] . This was of great importance because of the effects associated with quantum correlations and fluctuations, which are particularly exposed in the 1D spin systems.
Since the dispersion of the elementary excitation spectrum for half-integer spin chains was as for the classical spin waves, it was implied that the behaviour of the Heisenberg model with larger spins smoothly converges to the classical case. It thus came as a surprise when Haldane conjectured in 1983 that quantum Heisenberg antiferromagnetic chains have qualitatively different properties according to whether the spin value is integer or half-integer [3] .
In recent years, cold atoms have been widely used in advanced research to mimic phenomena in condensed matter physics [4, 5] . They are placed into optical lattices providing a periodic potential without defects and phonon excitations. As a result, cold atoms and ions allow for practically perfect realizations of spin models [6, 7] . The comparison of the properties of integer * corresponding author; e-mail: A.Drzewinski@if.uz.zgora.pl and half-integer spin chains may be realized with trapped ultra-cold atomic gases [7] . It opens the experimental way to investigate the dynamical properties of the Haldane state [8, 9] and gives the motivation for our theoretical research.
In this paper we focus on the time evolution of the Haldane system after a global quantum quench of the D uniaxial anisotropy. It corresponds to an experimental situation, in which a global parameter has been changed on a time scale smaller than the time scale of any system process. As the Haldane state is overlapped with many eigenstates of the nonzero-D Hamiltonian it can lead to nontrivial dynamics. Furthermore, one can expect that the value of the anisotropy constant affects the relaxation dynamics.
The paper is organized as follows: in Sect. 2 the model to study dynamics of the disturbed Haldane state is defined, Sect. 3 presents the matrix product state (MPS) formalism employed for time evolution simulations, whereas the simulation results are discussed in Sect. 4. Finally, Sect. 5 concludes our paper, summarizing the main findings.
Model
In order to study the ground-state dynamics we have considered the quantum chain with N = 102 sites and open boundary conditions. Two other spin chains with a length of N = 4 and N = 10, which can be solved by exact numerical methods, constitute a point of reference for our considerations.
The vanishing uniaxial anisotropy
The S = 1 antiferromagnetic Heisenberg chain is governed by the following Hamiltonian:
where the parameter J > 0 is an exchange coupling constant. It is known that to construct the ground state of the Hamiltonian (Eq. (1)) each original S = 1 spin can be written as two S = 1/2 spins in the triplet state. Based on them the ground state (the so-called valencebond-state) can be built [10, 11] . However, when we are dealing with an open chain, both S = 1 spins at the ends can be replaced by the S = 1/2 spins to keep unchanged a nonzero energy gap between the singlet ground state |ψ 0 and the first excited state [10, 12, 13] . The groundstate energy per spin is E ≈ −1.40 J and the excitation spectrum has a gap ∆ ≈ 0.41 J [14] . Besides exhibiting the famed Haldane gap, the S = 1 antiferromagnetic Heisenberg chain has been found to have other surprising features. At first, due to the existence of a finite energy gap above the ground state, the spin-spin correlations C α j,k (α = x, y, z) should decay exponentially
Recently another basic property of the Haldane phase in spin-1 Heisenberg antiferromagnetic chains has been brought: the eigenvalues of the reduced density matrix are always in even multiplets [15] . Moreover, the Haldane phase, as a topologically protected phase in one dimension, does not obey the Landau paradigm [16] and cannot be characterized by a local order parameter. But a nonlocal hidden order can be characterized by the antiferromagnetic alignment of ±1 spins after omitting all the sites with spin projection 0. It was consistent with a breaking of a hidden Z 2 × Z 2 symmetry, which was revealed using a nonlocal unitary transformation by Kennedy and Tasaki [17] . It leads to the existence of the non-local order parameter O α (α = x, y, z) that should be nonzero in the Haldane phase [18] , where the Néel order vanishes. It is defined by the non-local correlation functions O α j,k in the following way:
where
The non-zero uniaxial anisotropy
In real materials the uniaxial anisotropy can be created through the environment of the magnetic ion [19] [20] [21] which implies adding the extra term to the Hamiltonian (Eq. (1)):
where D is the uniaxial anisotropy parameter which describes the system with an easy axis (negative D [27] . In the Néel phase the ground state exhibits a spontaneous staggered magnetization. The result is that the non-local order parameter identifying the Haldane phase, is also non-zero here. However in this case, contrary to the Haldane phase, the non-local order parameters O x,y decay exponentially.
The ground-state overlap
The overlap between the zero-D ground state and the ground-states for a non-zero uniaxial anisotropy has been considered. As the total spin operator commutes with the Hamiltonian (Eq. (1)) with and without the anisotropic term (Eq. (5)), both the ground states belong to the subspace with total spin S z = 0. The results are collected in Fig. 1 . As shown, when the chain is short, the scalar product decreases slowly with increasing amplitude of the D parameter. However, when the system size increases, the range of the D parameter giving the nonvanishing scalar product, more and more overlaps with the range of the D parameter for which the Haldane gap is not closed for the infinite system. 
Time evolution of matrix product states
In order to investigate the ground state and its dynamical properties after a sudden change of the Hamiltonian parameters the MPS formalism has been employed [28, 29] . The observation that for physical systems only minor part of the Hilbert space is involved [30] , resulted in the rapid development of numerical methods based on a variational method within the space of MPS. It corresponds to assigning a finite entanglement content to spins in the ground state. Therefore, any state of the spin chain can be presented in the MPS representation
where |σ = |σ 1 , . . . , σ N , d j is the dimension of the local base {σ j } at the i-th site, whereas D j are related to the entanglement of neighbouring spins. In an analogous manner any operator A can be written as a matrix product operator (MPO):
Due to the above representation the state space grows only polynomially in the system size (not exponentially as usual). Thus, the time of calculations is significantly reduced for d = 1 strongly correlated systems. When the variational principle is applied, the ground state can be found by the minimization procedure ψ|H|ψ under the constraint ψ|ψ = 1 [31] . Moreover, it is one of the most attractive features of the MPS representation that the time evolution can also be performed very efficiently. Therefore, discrete time as t = N ∆t can be used for the Hamiltonian, when a second-order Trotter decomposition is applied [29] the time-evolution operator can be presented as
Then the time-evolution algorithm takes a very simple form [28] : one starts from |ψ 0 and repeats the following steps:
1. Applying the MPO of the odd bonds to |ψ(t) .
2. Applying the MPO of the even bonds to e − i Ho∆t/2 |ψ(t) .
3. Applying the MPO of the odd bonds to e − i He∆t e − i Ho∆t/2 |ψ(t) .
4. Compressing the MPS |ψ(t + ∆t) = e − i Ho∆t/2 e − i He∆t e − i Ho∆t/2 |ψ(t) to the starting dimension.
In the present studies the maximal local bond dimension was D i = 120, whereas the time step was ∆t = 10 −5 .
The Loschmidt echo
The stability of quantum systems to perturbations of the Hamiltonian has been addressed by many studies [32] . It is relevant for fundamental research into the thermalization of isolated quantum systems [33] , localization phenomena, chaos [34, 35] , or decoherence.
As for both Hamiltonians H J and H = H J + H D the total spin is conserved, we can exploit this symmetry to reduce the computational effort. Let us assume that the initial state |ψ 0 is the ground state of the Hamiltonian H J (Eq. (1)) belonging to its zero total spin subspace. For t > 0 the time evolution is governed by the anisotropic Hamiltonian H and the |ψ 0 state is never more its eigenstate. Nonetheless, the time evolution of the initial state |ψ(t) = e − i Ht |ψ 0 (11) takes place in the anisotropic Hamiltonian subspace again corresponding to total spin zero. In order to measure the overlap of the time-evolved state and the initial state we can use, so-called, the Loschmidt echo (also called "quantum fidelity" commonly applied in the fields of quantum information and quantum chaos [36] ) defined as [37] :
If |φ j and E j are the eigenstates and eigenvalues of the new Hamiltonian, i.e., (H J + H D )|φ j = E j |φ j , the initial state |ψ 0 can be expressed as a linear combination of the new stationary states |ψ 0 = n−1 j=0 c j |φ j where the coefficients are defined as c j = φ j |ψ 0 . This expansion enables us to rewrite the Loschmidt echo in the following way:
where E 0 is the ground-state energy of the new Hamiltonian. Next, repeatedly using the de Moivre formula and Pythagorean trigonometric identity the formula can be simplified to the final form
Figures 2-4 present the time evolution of the Loschmidt echo after a rapid turning on of the uniaxial anisotropy for the Haldane system of different lengths. Because for the shortest chain the Haldane phase is smeared out significantly, two curves in Fig. 2 were made for higher values of the anisotropy parameter than usual: D/|J| = −10 instead of -1 and D/|J| = 5 instead of 1.5.
In all cases the echo behaviour can be explained by Eq. (14): there is a constant contribution from the sum of the fourth powers of the coefficients supplemented by a superposition of cosine functions. When the system is very small, as in Fig. 2 , the number of cosine functions is notably reduced. For example, in this case, although the subspace of total spin S z = 0 is ten-dimensional, for each value of anisotropy only four coefficients are non-vanishing. For the N = 10 chain the subspace of total spin S z = 0 is 4246-dimensional and again the number of non-vanishing coefficients is considerably reduced. Moreover, the more parameter D deviates from zero, the greater the number of non-zero coefficients: 1112 for D/|J| = 0.1, 1150 for D/|J| = −0.5, 1303 for D/|J| = 1.0, and 1364 for D/|J| = −1.5.
When the system is large (see Fig. 4 ), the Loschmidt echo as usual converges to a constant value. But now, despite a significant reduction of non-vanishing coefficients their number is enormous. Furthermore, for a large system one can notice an important regularity related to the distribution of coefficient values. When the D value deviates not much from zero (see Fig. 1 for D/|J| = −1.5. At the beginning of the time evolution, as one can see, the decay of the Loschmidt echo is monotonic. Furthermore, it is known from the standard perturbation theory that the initial time decay of the Loschmidt echo exhibits a Gaussian decay when the perturbation is weak [38, 39] . As we have verified, regardless of the value of the anisotropy parameter, for small Jt all curves presented in Fig. 4 demonstrate such behaviour
2 ) where the rate of the exponential decay is proportional to the second power of the anisotropy parameter γ ∼ D 2 . As can be seen from Eq. (14) , from time to time such a superposition of cosine functions can be expected when the echo value increases significantly. The time after which the full restoration of the initial Loschmidt echo takes place is likely to be hideously large but other peaks of the Loschmidt echo should be available for our simulation. One of them is demonstrated in the inset of Fig. 4 where the significant revival of the Loschmidt echo appears in the presence of the seemingly vanishing background.
Non-local correlations in the Haldane phase
The initial state (the Haldane state) is isotropic in the spin space, so all the components are the same at t = 0. After a sudden turning on of the uniaxial anisotropy the x, y components behave differently than the z component. To minimize edge effects in a finite system the spins in pairs were chosen so that they are separated by a distance 2k − 1 arranged symmetrically relative to the chain center. As we have checked, regardless of the value of the uniaxial anisotropy, the Néel correlation functions decay exponentially during the whole time evolution.
The non-local order reflects the hidden symmetry in the Haldane phase. Previously, we have examined that the string correlation functions for the established ground state of H J show a wide plateau followed by a gradual decline as the ends of the chain are approached [13] .
The value of the plateau O α ≈ −0.3743 (α = x, y, z), the non-local order parameter for S = 1, was in accordance with earlier numerical simulations [29] . Figure 5 presents how the individual components of the non-local correlations change over time for various values of the uniaxial anisotropy. order parameter are in agreement with earlier reported data [23] . According to our results, when turning on of the uniaxial anisotropy leaves the system in the Haldane phase, the non-local order parameter of the evolving state takes non-zero values. Moreover, O x,y > O z in most of the phase and only in the vicinity of the second-order Ising transition between the Haldane and Néel phases the last inequality is reversed. This is due to the proximity of the Néel phase where the ground state exhibits a spontaneous staggered magnetization, O x,y disappears but O z continues to grow there. In turn, all components of the non-local order parameter evaluate to zero in the large-D phase.
As far as the values of the string correlations in the ground state of the anisotropic Hamiltonian are concerned, it is hard to say that the string correlations of the evolving state converge to them. Only one can see that such a tendency appears at the very beginning of the time evolution, but then vanishes. Perhaps, by analogy with the revivals for the Loschmidt echo, this trend is back from time to time, when the evolving state approaches to the ground state |φ 0 of the anisotropic Hamiltonian. Unfortunately, our calculations are time-consuming and we are not able to perform them enough long to test conclusively the supposition.
Conclusions
We have examined the ground-state response of the finite S = 1 antiferromagnetic Heisenberg chain after a sudden change of the uniaxial anisotropy. Depending on the value of the uniaxial anisotropy parameter, the calculations were derived within (or outside) the region where the Haldane gap survives. We tackle the problem considering the time evolution of the system and applying the MPS framework.
An exact expression for the time evolution of the Loschmidt echo has been derived. It consists of a time-independent part supplemented by the superposition of cosine functions. The collapse and revival of the Loschmidt echo have been investigated as well.
When turning on of the uniaxial anisotropy leaves the system in the Haldane regime, the non-local order parameter decreases, but still takes a finite value during the time evolution. On the other hand, when the uniaxial anisotropy is so large that the ground state of the anisotropic Hamiltonian is no longer in the Haldane phase, the nonlocal order parameter of the evolving initial state tends towards zero.
